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ABSTRACT. We consider Dubson's conjecture that the fundamental class in homology of an algebraic cycle on a complex algebraic variety is the image of a middle intersection homology class. In the case when the variety has only isolated singularities, we prove it for rational coefficients, and we give a counterexample to it for integral coefficients Introduction. Intersection homology theory, abbreviated IH^, was developed by M. Goresky and R. MacPherson [GM1, GM2, GM3] for the study of singular spaces, introducing the concept of perversity p, which, roughly speaking, gives some geometric conditions on how chains enter the singularities of the singular space.
In this paper we consider the intersection homology group ÏR™(X) of complex varieties with the middle perversity m = (0,0,1,1,2,... ) and rational coefficients Q or integral coefficients Z. For the sake of simplicity we drop the symbol m. In this paper we restrict ourselves to singular complex varieties with isolated singularities and consider Dubson's conjecture above.
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2. A basic fact. For details and basic facts of intersection homology theory, see serial papers of Goresky and MacPherson [GM1, GM2, GM3] . In general it may not be easy to compute IH,(AT) (with Z or Q as coefficients). However, if X has a single isolated singularity x (of course we can allow many isolated singular points), then the intersection homology group is "almost" equal to the usual homology group as in the following proposition:
PROPOSITION [GM1] . Let X be an n-dimensional singular complex variety which has a single isolated singular point x. Then Ht(X) ifi>n, lmage(Hi(X -{x})-+Hi(X)) ifi = n, Ht(X-{x}) ifi<n.
Using this basic proposition or taking this as the definition of IH«(X), we will discuss Dubson's conjecture in the following section.
Results.
First of all we take the rational coefficients Q for IH*(Ar).
THEOREM 1. Let Xn be an n-dimensional complex algebraic variety with a single isolated singularity p, and let V¿ be any algebraic cycle of dimension i in X. Then Dubson's conjecture is true, i.e.; for any i,
REMARK 2. We can, of course, allow many isolated singularities in the theorem. But for the sake of simplicity of the proof we consider only the case when X has a single isolated singularity. If we take the integral coefficients Z instead of Q, then the theorem does not hold as we will see in an example given later.
PROOF OF THEOREM 1. If i > n/2, then by the Proposition above, the theorem clearly holds. So we only have to look at the case when i < n/2. (Also we can assume that i > 0 because for i = 0 the theorem evidently holds.) Let /: X -> X be a resolution (by finitely many blowing-ups) of X and let E = f~1(p). Let Dp C X be the set of points of distance at most e from p, where e is a sufficiently small positive number. Here distance is meant to be the Euclidean distance with respect to some local analytic embedding of a neighborhood of p into C^. Set M = f~1(Dp), and B = f~1(dDp), where dDp is the boundary of Dp, i.e., the set of points of distance exactly e from p. Then we have the following commutative diagram with rows being exact:
In the diagram, e and ë are excision isomorphisms. Since Dp is contractible, Here we note that 2i -1 < n -1 < n. Also we recall the following useful fact from Goresky and MacPherson's lecture notes [GM3] :
FACT (COROLLARY l OF [GM3, §3] ). Let the situation be as above and let K be the kernel of i'» : H*(B) -» H"(M). Then we have
In other words, this fact can be interpreted as that ¿» : HS(B) -► HS(M) is injective if s < n. Thus, since 2i -1 < n in our case, we can conclude that ¿» in the diagram above is injective, which means that d' in the diagram is a zero map. Therefore we can conclude the identity (3) above. This completes the proof of the theorem.
REMARK 3. One of typical examples of complex algebraic varieties with an isolated singularity is the projective cone Xn = c(Yn^i) C PN+1 over a nonsingular projective variety yn_1 c PN. In this case, the injectivity of 7» : HS(B) -* HS(M) for s < n can be shown by using a standard technique such as the Hard Lefschetz Theorem etc. In fact, the above theorem is motivated by observing the theorem in the case of projective cones.
Next, if we take the integer coefficients Z for IH*(X), then surely Theorem 1 does not hold as we pointed out in Remark 2. Here we give a simple interesting example, which is the projective cone over a nonsingular projective variety. Since we take a double point cycle as our algebraic cycle, we discuss a little about a generic projection and double point locus. Let Vk be a fc-dimensional projective algebraic variety of degree d in Pw (N > k). Then for any integer r > k, there exists a (N -r -l)-dimensional linear subspace HT in P^ such that Vk (lHr = 0. Suppose that Hr is a linear subspace of PN cut out by r + 1 independent linear forms Lq, ... ,Lr. Then we define a map: PN -Hr -* Pr by PROOF. First look at the double point locus of 7T2 : V -► P2. It is well known (e.g. see [Mum] ) that tt2(V) has ordinary double points, i.e., nodes as singular points and that the number of nodes is ( Recall that D(7r3) is the bouquet of (d2 -3d + x(V)) 2-spheres 52's. Then This is what we wanted to show.
